Maxwell’s Equations
(Instantaneous and Phasor Forms)

Maxwell’ s Equations (instantaneous form)
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& H D, B, 4 - iInstantaneous vectors [ & =&(X,Y,z,t), etc.]
p, - instantaneous scalar

Maxwell’ s Equations (phasor form, time-harmonic form)

VXE=-joB
VxH=jwD +J
V:-D=p
V-B=0

E, H, D, B, J - phasor vectors [E=E(X,Y,z), €tC.]
p - phasor scalar

Relation of instantaneous quantities to phasor quantities ...
E(X,y,zt) = Re{E(x,y,2)e“}, etc.



Average Power Radiated by an Antenna

Todeterminetheaverage power radiated by an antenna, westart with
the instantaneous Poynting vector # (vector power density) defined by

FP=EX H (V/m x A/m = W/n?)

Assume the antenna is enclosed by some surface S.
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Thetotal instantaneous radiated power &, leaving the surface Sisfound
by integrating the instantaneous Poynting vector over the surface.

P = Lds=¢ (&X #)-ds ds=Sds

) ds = differentia surface
S = unit vector normal to ds



For time-harmonic fields, the time average instantaneous Poynting
vector (time average vector power density) is found by integrating the
Instantaneous Poynting vector over one period (T) and dividing by the
period.

1
Pag = — ¢ (&X o) dt
TT
& = Re{Ee*Y}
= Re{He'*'}
The instantaneous magnetic field may be rewritten as
H#=Re{V2[ HE®' + H e *' ]}

which gives an instantaneous Poynting vector of

EX # = YRe{[E x H]eZ'+ [E x H']}

time-harmonic independent of time
(integratesto zero over T)

and the time-average vector power density becomes

1
P.. = —Re[E x H’] ¢dt
J 2T | ]ng

= B Re[E x H']

The total time-average power radiated by the antenna (P,,,) is found by
Integrating the time-average power density over S,

P = ¢ Puyds=%Re§ [E x H]-ds
S S



Radiation I ntensity

Radiation Intensity - radiated power per solid angle (radiated power
normalized to a unit sphere).

I:)rad - 98 I:)avg°dS
S

In the far field, the radiation electric and magnetic fields vary as 1/r and
the direction of the vector power density (P,,,) isradially outward. If we
assume that the surface Sis a sphere of radius r, then the integral for the
total time-average radiated power becomes

P =P F
avg

avg

ds = §ds = #r*sin0 d0 dd
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P = ffPavgrzsinedde)
00

If we defined P,,,r* = U(0,0) astheradiation intensity, then

2T T 2T T

P = f f U(0,0)sin0d0 do = f f U(0,0)dQ
00 00

wheredQ = sinBdBd¢ definesthedifferential solid angle. Theunitsonthe
radiation intensity are defined as watts per unit solid angle. The average
radiation intensity isfound by dividing the radiation intensity by the area
of the unit sphere (4) which gives

2n T
f f U(0,)dQ
00 P

U _ _ rad
e 41 41

Theaverageradiation intensity for agiven antennarepresentstheradiation
Intensity of a point source producing the same amount of radiated power
as the antenna.



Directivity

Directivity (D) - the ratio of the radiation intensity in a given direction
from the antenna to the radiation intensity averaged over all
directions.

D04y - VB _ 42U60)

avg rad
The directivity of an isotropic radiator is D(0,p) = 1.
The maximum directivity is defined as[D(0,0)],..x = D,
The directivity range for any antennais 0 <D(0,$) <D.,.

Directivity in dB

D(0,6) [dB] = 10log,,D(0,)

Directivity in terms of Beam Solid Angle

We may define the radiation intensity as
U@©.9) = B, F(0,¢)

where B, is a constant and F(0,¢) is the radiation intensity pattern
function. The directivity then becomes

DO.p) - 4n LOP) _ 4y p FO.H)
Prad ’ rad

and the radiated power is

2T T 2T T

P _ = [ [ U(0,$)sin0d0dd = B, [ [ F(0,0)sin0d0 dd



Inserting the expression for P, 4 into the directivity expression yields

D(O¢) = 4n L)

TT

f f F(0,0)sin0d0 do
00
The maximum directivity is
F(6,
D - [DO)],.. - 4= - [F(0,)] .. ) Zl;t
[ [ F8.¢)sin0dBdd 4
00

where the term Q, in the previous equation is defined as the beam solid
angle and is defined by

2T T

F(8.)sind do dd
[ [ sin

Q, = O = [ [ F_(0,4)sin0d0 dd

__FO®
F (0,9) =
OV e,

Beam Solid Angle - the solid angle through which al of the antenna
power would flow if the radiation intensity were [U(0,0)],. for all
anglesin Q,.



Example (Directivity/Beam Solid Angle/Maximum Directivity)

Determinethe directivity [D(0,$)], the beam solid angle Q, and the

maximum directivity [D,] of an antenna defined by F(0,p) =
sin?0 cos0.

D(0,0) = 4m FO.9)

2T T

F(8,d)sind do do
{ { sin

sinZ0 cos?0

=47

2T T

f f sin>0 cos?0 40 dd
00
sin*0 cos?0 = sin®0 (1 - sin’0) = sin®0 - sin0O

D(0.b) = 47 sin0 cos?0

27 f (sin®0 - sin°0)d0
0

f sin’xdx = —%(cosx)(sinzx +2)

. 4
f sin’xdx = - > 3;cosx - 145 (cosx)(sin’x + 2)

D(0.b) = 47 sin0 cos?0 4 sin0 cos0
8
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D(0,b) = % sin’0 cos’0

2nm
F(8,d)sin0 do db
{ { sin

4 [F(O,$)]_

In order to find [F(0,)] s We must solve

dF(0,9) _ d(

sin®0cos?0) = 0
do

(25sin6 cos0)cos?O + sin?0 (-2 cosOsind) = 0
sinB cos’0 - sin*0cosO = 0
sinB cosB (cos?0 - sin?0) = 0

sinBcosB (1 - 25sin’0) = 0

sin@ =0 0 =(0,m) (minimums)

cosO =0 0 = g (minimum)

1 -2sin%0 =0 0 -sint| T - £,3=n (maximums)
) 44

2| T of | _ 1
[F(0,0)] .. =sin ( 4) coS ( 4) 1



_ (8n/15) _ 32

., rad? = 6.70 rad?
/4y 15

D =T _4p (5) 185 - 1.875 (2.73 dB)

°Q, (327

MATLAB m-filefor plotting this directivity function

for i=1:100
theta(i)=pi*(i-1)/99;
d(i)=7.5*((cos(theta(i)))”2)*((sin(theta(i)))”"2);
end
pol ar (t het a, d)

180




Directivity/Beam Solid Angle Approximations

Given an antennawith one narrow major lobe and negligible radiation
In its minor lobes, the beam solid angle may be approximated by

Q,~0,0,
where 0, and 0, are the half-power beamwidths (in radians) which are

perpendicular to each other. The maximum directivity, in this case, is
approximated by

4 4 . .
= ~ 0,,0, in radians
o QA elez ( 1> 72 )

If the beamwidths are measured in degrees, we have

b . 4n(180/m)? _ 41,253
’ e162 6162

(0,,0, in degrees)

Example (Approximate Directivity)

A horn antenna with low side lobes has half-power beamwidths of
29° in both principal planes (E-plane and H-plane). Determine the
approximate directivity (dB) of the horn antenna.

. 41,253
292
D, (dB) =10log,,(49.05) = 16.9 dB

D

o

=49.05




Numerical Evaluation of Directivity

The maximum directivity of a given antenna may be written as

S /CTO)
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[U(0,0)],
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U(6,¢)sinb db d
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e FODI,

2T T

f f F(0,0)sin0d0 dd

00

where U(0¢) = B,F(0,$). Theintegralsrelated to the radiated power in
the denominators of the terms above may not be analytically integrable.

In this case, the integrals must be evaluated using numerical techniques.
If we assume that the dependence of the radiation intensity on 0 and ¢ is

separable, then we may write

U(9,9) = B,F(0,0) = B, f(0)g(d)

The radiated power integral then becomes

2T T

P_ =B, [ [ £(0)g($)sind do do

:BO

f £(6)sin0 db
0

21
[e)dd
0



Notethat theassumption of aseparableradiation intensity pattern function
results in the product of two separateintegralsfor theradiated power. We
may employ avariety of numerical integration techniques to evaluate the
integrals. The most straightforward of these techniquesisthe rectangular
rule (othersinclude the trapezoidal rule, Gaussian quadrature, etc.) If we
first consider the O-dependent integral, the range of 0 is first subdivided
into N equal intervals of length

AB="
N

The known function f(0) is then evaluated at the center of each
subinterval. The center of each subinterval is defined by

0.-a0i-L|=2|;-1 i=1,2,..,N
' 2 N 2
The area of each rectangular sub-region is given by
[£(0,)sin0,]AD
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The overall integral is then approximated by
b N N
f (0)sinBd0 ~ Y [£(8,)sin0 A0 = AB Y f£(6,)sind,
0 i=1 i=1

Using the same technique on the ¢-dependent integral yields

Ap = 2T

d)i:Ad)(j——) =—(j—%) j=12,..M
27 M M
[e(®)dd = 2; [g($)]Ad = Ad 21: g($)
0 J= J=

Combining the © and ¢ dependent integration results gives the
approximate radiated power.

2T T 2T T

P = f f U(8,$)sinbd0dd = B, f f F(0,$)sin0d0d ¢
00 00

N M
~ B AOAd 21: £(8,)sind, 21: g(d,)
1= Jj=
rm2B | XN . M
= lz:l:f(ei)smﬁi Jz:l:g(d)j)

Theapproximateradiated power for antennasthat areomnidirectional with
respect to ¢ [g(¢P) = 1] reducesto

27’B,
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Theapproximateradiated power for antennasthat areomnidirectional with
respect to O [ f(0) = 1] reducesto

4nBO
M

Prad z ZBoAd)

M M
Zlig(d)j) Zlig(d)j)
J= J=

For antennas which have aradiation intensity which is not separablein 6
and ¢, the a two-dimensional numerical integration must be performed
which yields

rniB N M |
P .~ N7 ;}zzl: [F (Gi,q>j)s1n9i]

Example (Numerical evaluation of directivity)

Determine the directivity of a half-wave dipole given the radiation

Intensity of
2
coSs ( il cosﬁ)

sin@Q

U@®,¢) = B, = B, f(0) [g(d) = 1]

[UO,d)],,.
=47
’ Prad
2mB

N
P~ v 2 zz=1: [f(ei)sinﬁi]

0 - %( i - %) i=12,..,N



The maximum value of the radiation intensity for a half-wave dipole
occurs at 0 = n/2 so that

COS(—COS—) ’
[U0,0)] =B 2 2 - B
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D = 4nB, _ T

° 0)sin®, X |cos”| —cosO,
v ;f( ;)sind, 3 )
i=1 sin,
MATLAB m-file

sun¥0. 0;
N=i nput (" Enter the nunber of segments in the theta direction’)
for i=1:N
thetai =(pi/N)*(i-0.5);
sumesumt( cos((pi/2)*cos(thetai)))”2/sin(thetai);
end

D=(2*N)/ (pi *sum

N D,
5 1.6428
10 1.6410
15 1.6409
20 1.6409
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