
Maxwell’s Equations
(Instantaneous and Phasor Forms)

Maxwell’s Equations (instantaneous form)

������������� - instantaneous vectors [� =� (x,y,z,t), etc.]
�t - instantaneous scalar

Maxwell’s Equations (phasor form, time-harmonic form)

E, H, D, B, J - phasor vectors [E=E(x,y,z), etc.]
� - phasor scalar

Relation of instantaneous quantities to phasor quantities ...

� (x,y,z,t) = Re{E(x,y,z)ej�t}, etc.
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Average Power Radiated by an Antenna

To determine the average power radiated by an antenna, we start with
the instantaneous Poynting vector �  (vector power density) defined by

���������������������������(V/m × A/m = W/m2)

Assume the antenna is enclosed by some surface S.

The total instantaneous radiated power �rad  leaving the surface S is found
by integrating the instantaneous Poynting vector over the surface.

�rad���������ds = ��(������)��ds                ds = s ds

    ds = differential surface
  s = unit vector normal to ds
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For time-harmonic fields, the time average instantaneous Poynting
vector (time average vector power density) is found by integrating the
instantaneous Poynting vector over one period (T) and dividing by the
period.
                                                     1

Pavg  = ������(������) dt
                                                    T

�  = Re{Eej�t}

�  = Re{Hej�t}

The instantaneous magnetic field  may be rewritten as

�  = Re{½ [ Hej�t + H*e�j�t ]}

which gives an instantaneous Poynting vector of

�����������½ Re {[E � H]ej2�t + [E � H*]}
                                         ~~~~~~~~~~~~~~~    ~~~~~~~
                                                                time-harmonic             independent of time
                                                       (integrates to zero over T )

and the time-average vector power density becomes
                                                  1

Pavg  =  �� Re [E � H*] �dt
                                                 2T

                                             =  ½ Re [E � H*] 

The total time-average power radiated by the antenna (Prad) is found by
integrating the time-average power density over S.

Prad�����Pavg�ds = ½ Re � [E � H*]��ds
               S
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Radiation Intensity

Radiation Intensity - radiated power per solid angle (radiated power
normalized to a unit sphere).

Prad�����Pavg�ds

In the far field, the radiation electric and magnetic fields vary as 1/r and
the direction of the vector power density (Pavg) is radially outward.  If we
assume that the surface S is a sphere of radius r, then the integral for the
total time-average radiated power becomes

If we defined Pavgr2 = U(�,�) as the radiation intensity, then

where d� = sin�d�d� defines the differential solid angle.  The units on the
radiation intensity are defined as watts per unit solid angle.  The average
radiation intensity is found by dividing the radiation intensity by the area
of the unit sphere (4�) which gives

The average radiation intensity for a given antenna represents the radiation
intensity of a point source producing the same amount of radiated power
as the antenna.



Directivity

Directivity (D) - the ratio of the radiation intensity in a given direction
from the antenna to the radiation intensity averaged over all
directions.

The directivity of an isotropic radiator is D(�,�) = 1.

The maximum directivity is defined as [D(�,�)]max = Do.

The directivity range for any antenna is 0 �D(�,�) �Do.

Directivity in dB

Directivity in terms of Beam Solid Angle

We may define the radiation intensity as

where Bo is a constant and F(�,�) is the radiation intensity pattern
function.  The directivity then becomes

and the radiated power is



Inserting the expression for Prad into the directivity expression yields

The maximum directivity is

where the term �A in the previous equation is defined as the beam solid
angle and is defined by

Beam Solid Angle - the solid angle through which all of the antenna
power would flow if the radiation intensity were [U(�,�)]max for all
angles in �A.



Example (Directivity/Beam Solid Angle/Maximum Directivity) 

Determine the directivity [D(�,�)], the beam solid angle �A and the
maximum directivity [Do] of an antenna defined by F(�,�) =
sin2�cos2�.



In order to find [F(�,�)]max, we must solve
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MATLAB m-file for plotting this directivity function

for i=1:100
   theta(i)=pi*(i-1)/99;
   d(i)=7.5*((cos(theta(i)))^2)*((sin(theta(i)))^2);
end
polar(theta,d)



Directivity/Beam Solid Angle Approximations

Given an antenna with one narrow major lobe and negligible radiation
in its minor lobes, the beam solid angle may be approximated by 

where �1 and �2 are the half-power beamwidths (in radians) which are
perpendicular to each other.  The maximum directivity, in this case, is
approximated by 

If the beamwidths are measured in degrees, we have

Example (Approximate Directivity)

A horn antenna with low side lobes has half-power beamwidths of
29o in both principal planes (E-plane and H-plane).  Determine the
approximate directivity (dB) of the horn antenna.



Numerical Evaluation of Directivity

The maximum directivity of a given antenna may be written as

where U(��) = BoF(�,�).  The integrals related to the radiated power in
the denominators of the terms above may not be analytically integrable. 
In this case, the integrals must be evaluated using numerical techniques.
If we assume that the dependence of the radiation intensity on � and � is
separable, then we may write

The radiated power integral then becomes



Note that the assumption of a separable radiation intensity pattern function
results in the product of two separate integrals for the radiated power.  We
may employ a variety of numerical integration techniques to evaluate the
integrals.  The most straightforward of these techniques is the rectangular
rule (others include the trapezoidal rule, Gaussian quadrature, etc.)  If we
first consider the �-dependent integral, the range of � is first subdivided
into N equal intervals of length

The known function f (�) is then evaluated at the center of each
subinterval.  The center of each subinterval is defined by

The area of each rectangular sub-region is given by



The overall integral is then approximated by

Using the same technique on the �-dependent integral yields

Combining the � and � dependent integration results gives the
approximate radiated power.

The approximate radiated power for antennas that are omnidirectional with
respect to � [g(�) = 1] reduces to 



The approximate radiated power for antennas that are omnidirectional with
respect to � [ f(�) = 1] reduces to 

For antennas which have a radiation intensity which is not separable in �
and �, the a two-dimensional numerical integration must be performed
which yields

Example (Numerical evaluation of directivity)

Determine the directivity of a half-wave dipole given the radiation
intensity of



The maximum value of the radiation intensity for a half-wave dipole
occurs at � = �/2 so that

MATLAB m-file

sum=0.0;
N=input(’Enter the number of segments in the theta direction’)
for i=1:N
   thetai=(pi/N)*(i-0.5);
   sum=sum+(cos((pi/2)*cos(thetai)))^2/sin(thetai);
end
D=(2*N)/(pi*sum)

N Do

5 1.6428

10 1.6410

15 1.6409

20 1.6409



 
专注于微波、射频、天线设计人才的培养 易迪拓培训 
网址：http://www.edatop.com  

 

射 频 和 天 线 设 计 培 训 课 程 推 荐 

 

易迪拓培训(www.edatop.com)由数名来自于研发第一线的资深工程师发起成立，致力并专注于微

波、射频、天线设计研发人才的培养；我们于 2006 年整合合并微波 EDA 网(www.mweda.com)，现

已发展成为国内最大的微波射频和天线设计人才培养基地，成功推出多套微波射频以及天线设计经典

培训课程和 ADS、HFSS 等专业软件使用培训课程，广受客户好评；并先后与人民邮电出版社、电子

工业出版社合作出版了多本专业图书，帮助数万名工程师提升了专业技术能力。客户遍布中兴通讯、

研通高频、埃威航电、国人通信等多家国内知名公司，以及台湾工业技术研究院、永业科技、全一电

子等多家台湾地区企业。 

易迪拓培训课程列表：http://www.edatop.com/peixun/rfe/129.html 

 

 

射频工程师养成培训课程套装 

该套装精选了射频专业基础培训课程、射频仿真设计培训课程和射频电

路测量培训课程三个类别共 30 门视频培训课程和 3 本图书教材；旨在

引领学员全面学习一个射频工程师需要熟悉、理解和掌握的专业知识和

研发设计能力。通过套装的学习，能够让学员完全达到和胜任一个合格

的射频工程师的要求… 

课程网址：http://www.edatop.com/peixun/rfe/110.html 

ADS 学习培训课程套装 

该套装是迄今国内最全面、最权威的 ADS 培训教程，共包含 10 门 ADS

学习培训课程。课程是由具有多年 ADS 使用经验的微波射频与通信系

统设计领域资深专家讲解，并多结合设计实例，由浅入深、详细而又

全面地讲解了 ADS 在微波射频电路设计、通信系统设计和电磁仿真设

计方面的内容。能让您在最短的时间内学会使用 ADS，迅速提升个人技

术能力，把 ADS 真正应用到实际研发工作中去，成为 ADS 设计专家...

课程网址： http://www.edatop.com/peixun/ads/13.html  

 

HFSS 学习培训课程套装 

该套课程套装包含了本站全部 HFSS 培训课程，是迄今国内最全面、最

专业的HFSS培训教程套装，可以帮助您从零开始，全面深入学习HFSS

的各项功能和在多个方面的工程应用。购买套装，更可超值赠送 3 个月

免费学习答疑，随时解答您学习过程中遇到的棘手问题，让您的 HFSS

学习更加轻松顺畅… 

课程网址：http://www.edatop.com/peixun/hfss/11.html 
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专注于微波、射频、天线设计人才的培养 易迪拓培训 
网址：http://www.edatop.com 

CST 学习培训课程套装 

该培训套装由易迪拓培训联合微波 EDA 网共同推出，是最全面、系统、

专业的 CST 微波工作室培训课程套装，所有课程都由经验丰富的专家授

课，视频教学，可以帮助您从零开始，全面系统地学习 CST 微波工作的

各项功能及其在微波射频、天线设计等领域的设计应用。且购买该套装，

还可超值赠送 3 个月免费学习答疑… 

课程网址：http://www.edatop.com/peixun/cst/24.html  

 

HFSS 天线设计培训课程套装 

套装包含 6 门视频课程和 1 本图书，课程从基础讲起，内容由浅入深，

理论介绍和实际操作讲解相结合，全面系统的讲解了 HFSS 天线设计的

全过程。是国内最全面、最专业的 HFSS 天线设计课程，可以帮助您快

速学习掌握如何使用 HFSS 设计天线，让天线设计不再难… 

课程网址：http://www.edatop.com/peixun/hfss/122.html 

13.56MHz NFC/RFID 线圈天线设计培训课程套装 

套装包含 4 门视频培训课程，培训将 13.56MHz 线圈天线设计原理和仿

真设计实践相结合，全面系统地讲解了 13.56MHz线圈天线的工作原理、

设计方法、设计考量以及使用 HFSS 和 CST 仿真分析线圈天线的具体

操作，同时还介绍了 13.56MHz 线圈天线匹配电路的设计和调试。通过

该套课程的学习，可以帮助您快速学习掌握 13.56MHz 线圈天线及其匹

配电路的原理、设计和调试… 

详情浏览：http://www.edatop.com/peixun/antenna/116.html 
 

我们的课程优势： 

※ 成立于 2004 年，10 多年丰富的行业经验， 

※ 一直致力并专注于微波射频和天线设计工程师的培养，更了解该行业对人才的要求 

※ 经验丰富的一线资深工程师讲授，结合实际工程案例，直观、实用、易学 

联系我们： 

※ 易迪拓培训官网：http://www.edatop.com 

※ 微波 EDA 网：http://www.mweda.com 

※ 官方淘宝店：http://shop36920890.taobao.com 

 
 

专注于微波、射频、天线设计人才的培养 

官方网址：http://www.edatop.com 易迪拓培训 
淘宝网店：http://shop36920890.taobao.com 


